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Autonomous Hamiltonian systems

Consider an N degree of freedom autonomous
Hamiltonian systemhaving a Hamiltonian function of the

form: positions momenta
A A

V4

4 D 4 , \
H(d1,02 € N @uP2 € \)P
The time evolution of an orbit (trajectory) with initial
condition

P(0)=(q(0), .( 0) (). pd0). p( 0) (O)) P

Isgovernedby theH a mi | egoatiansof motion
dp, __pH  dg; _ M

dt ag,  dt oy




Variational Equations

We use the notation x = (94,0, ,dn.P1,P»€ Py’ The
deviation vector from a givenorbit is denotedby

v = (Ux,, UX,, eux,)", with n=2N

The time evolution of v is given by
the sacalled variational equations:

dv .
—=-J® ¢
dt
where
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Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

The evolution of anorbit with initial condition
P(0)=(%(0), %( 0 ) ,\0)) X

IS governedby the equationsof map T
P(i +1)=T P(i) ,

The evolution of an initial deviation vector

v(0) = [@x,(0), ux,( 0 ) Uxg(0))
IS given by the correspondingangent map

it )= 2 &) iz o012,
UP |,



Maximum Lyapunov Exponent

Roughly speaking,the Lyapunov exponentsof a given orbit characterizethe
meanexponentialrate of divergenceof trajectories surrounding it.

Consider an orbit in the 2N-dimensional phasespacewith initial condition

X(0) and an initial deviation vector from it v(0). Then the mean exponential
rate of divergenceis:
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Figure 5.7. Behavior of o , at the intermediate energy £ = 0.125 for initial points

taken in the ordersd (curves 1-3) or stochastic (curves 4-6) regions (after Benettin
et al., 1976).




The
Smaller ALignment Index
(SALI)
method



Definition of the SALI

We follow the evolution In time of two different initial

deviation vectors (v,(0), v,(0)), and define the SALI (Ch.S.
2001, J. Phys A) as

SALI() = min {JE(t)+ vEQ) |V £)-v (B[]

where

v,

£ (1) =
Hv H
When the two vectorsbecomecollinear

SALI (t) Y O




Behavior of the SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined
by the maximum Lyapunov
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Behavior of the SALI for chaotic motion

We test the validity of the approximation |SALIOe (U2t (Ch.S,,
Antonopoulos, Bountis, Vrahatis, 2004 J. Phys. A) Tor a chaaotic orbit

of the 3D Hamiltonian
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Behavior of the SALI for regular motion

Regular motion occurson a torus and two different initial
deviation vectors becometangent to the torus, generally
having different directions.
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Applications 1 H® n -dlailessystem

AS an exa

mple,we considerthe 2D H ® n tl@ilessystem
L, . : L, . ; : L .
Hy = 5(10;21: Jm’Uf,) + 5(1132 +y?) + 2%y — §y3

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016, p,=0.49974 p,=0

Chaotic orbit, x=0, y=-0.01344, p=0.49982, p=0
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Applications 1 H® n -dlailessystem
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Applications I 4D map

Tl

Xj = X, tX,

Xp = X,-nsin(x, +X,)- mMl-cos(x +X% + x+X

b 2 (1 2) ”i ()1( X X 4)] (mod2p)
Xp = X3+X,

Xi = X,-ksin( +x,)- mML-cos(x +x +x+x)]

For3=0.5, 5=0.1, £=0.1 we considerthe orbits
regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0.
chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0.
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The
GeneralizedALignment Indices
(GALIS)
method



Definition of the Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & thé@parallelogram
formed by the two deviation vectors.
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Definition of the Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & thé@parallelogram

formed by the two deviation vectors
: (t
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Definition of the GALI

In the caseof an N degreeof freedom Hamiltonian systemor
a 2N symplecticmap we follow the evolution of

k deviati on vectors wi

and define (Ch.S., Bountis, Antonopoulos, 2007, PhysicaD)
the GeneralizedAlignment Index (GALI) of order k :




Behavior of the GALI', for chaotic motion

GALI, (20k2D) tends exponentially to zero with
exponentsthat involve the values of the first k largest
Lyapunov exponentsu,, U,, é , U,

The above relation is valid even if some Lyapunov
exponentsare equal, or very closeto eachother.



Behavior of the GALI', for chaotic motion
N particles Fermi-PastaUlam (FPU) system:

1N, Nl > b 4
H== _ —(a... -qa. “(a... -q
291'0' +i:?82(q'” %) +4(q'” %)

with fixed boundary conditions, N=8 andb=1.5.
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Behavior of the GALI', for regular motion

If the motion occurs on an s-dimensional torus with s¢N then the
behavior of GALI , is given by (Ch.S., Bountis, Antonopoulos, 2008

Eur. Phys J. Sp. Top.):

constant If 2¢ k (s

GALI (1)~ | if s<k G2N-s

tk-s

—>—> —> (D:

—_—) —) —

1

w0 2N-s<ke2N

while in the commoncasewith s=Nwe have:




Behavior of the GALI', for regular motion

N=8 FPU system
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Global dynamics
AGALI , (practically equivalentto the useof SALI)

AGALI 3D Hamiltonian
Chaotic motion: GALI | 0 Subspace g=p;=0, p,O0 for t=1000.
(exponential decay) 04

Regular motion:
GALI i constantJo
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Regular orbit
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Global dynamics

GALI , with k>N

The index tends to zero both for
regular and chaotic orbits but with
completelydifferent time rates:

Chaotic motion: exponentialdecay
Regular motion: power law

—
Chaotic orbit — -
Regular orbit —— -

log(GALLI,)
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A time-dependent
Hamiltonian system



Barred galaxies

NGC 1433 NGC 2217




Barred galaxy model

The 3D bar rotates around its short z-axis (X: long axisand y: intermediate). The
Hamiltonian that describesthe motion for this modelis:

1
H=2(p 0 #) VExy3 (3 yp- Ener
This model consists of the superposition of potentials describing axisymmetric
part and a bar component of the galaxy{Manos, Bountis, Ch.S., 2013, J. Phys. A)

a) Axisymmetric component:

1) Plummer sphere: i) MiyamotoT Nagai disc:
GM, GM,

dlsc(x'yz)_
\/x2+y2 2 @2 \/x2+y2 £A IZBZ dez

S

Vsphere(x’ y’ Z) =

Bar component: - ofe 2 du o o
b) Bar componenty,,, (x y, 3= p Gabe~<_f) o h( B,
Ferrers bar 2 2
( ) where Mi( 9= 2X Y +22 , ‘@ (& Wb W' W+
1OSGMB a’+u b u ¢ #
fc:32p abc n: positive integerf= 2 for our modely, the unique positive solution off A ¥
. .- A _ 2\n 2
Its density Is: r:ier"(l m)’, form @ wherem® =~ L %4 a b>c aach 2

{0, form>1 a2 B



Time-dependent barred galaxy model

The 3D bar rotates around its short z-axis (X: long axisand y: intermediate). The
Hamiltonian that describesthe motion for this modelis:
1
H=2(p 0 #) Véxviz) 4 yp)- Energ
This model consists of the superposition of potentials describing axisymmetric
part and a bar component of the galaxy{Manos, Bountis, Ch.S., 2013, J. Phys. A)
a) Axisymmetric component: Mg +Mg(t) M(t) E with M ¢) M= (0) at

1) Plummer sphere: i) MiyamotoT Nagai disc:
GM  (t
GMS d|sc(x'y Z)_ D()

\/x2+y2 2 @2 \/x2+y2 £A Vlﬂz

S

Vsphere(x’ y’ Z) =

b) Bar componenty,_(x y, 2= pGab%r_:lﬁ Wy,

)

Ferrers bar 7 2

( ) whereri(y=-X— + ¥ LZ oy (& Wb WE w o+

105 GM (1) a’+u b wu ¢

fc:32p abe n: positive integerf= 2 for our modely, the unique positive solution off A ¥

. .- a _ 2\n f 2
Its density is: |, _ /(- M), form €L Lo Yy Zz

=— 5 ,a b>c andh 2
{0, form>1 a® b
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Time-dependent 3D barred galaxy model

Interplay between chaotic and regular motion
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Summary

A The Smaller (SALI) and the Generalized(GALI) ALignment Index methods
are fast, efficient and easyto compute chaosindicator.

A Behaviour of the GeneralizedALignment Index of order k (GALI ,):
V Chaotic motion: it tendsexponentiallyto zero

V Regular motion: it fluctuates around non-zero values (or goesto zero
following power-laws)

A GALI  indices:

V can distinguish rapidly and with certainty betweenregular and chaotic
motion

V can be usedto characterize individual orbits aswell as"chart" chaotic
and regular domainsin phasespace

V canidentify regular motion on lowT dimensionaltori

V are perfectly suitedfor studying the global dynamicsof multidimentonal
systemsaswell asof time-dependentmodels
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